Caringbah High School 2011 Extension 1 Trial HSC

Question 1 (12 marks) Start a NEW booklet.

a) Find the remainder when the polynomial P(x)=2x’—4x+3 is divided
by (x+1).

b) Using the points A4(—4,1) and B(2,-2) find the coordinates of the point
P(x,y) that divides the interval AB externally in the ratio 5:2 .

3

d i)  Showthat f(x)= lx _is an odd function.
+Xx

13
i1) Hence or otherwise evaluate J > dx.
g 1+x
e) Neatly sketch y =3cos™ 2x clearly showing the domain and range.
d
f) Show that d—(secx) = secxtanx.
X
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Question 2 (12 marks) Start a NEW booklet.

b)

d)

Find J ! dx .

3—x?

. . . 3
The parametric equations of a curve a givenby x=6r, y=—.
r

Find the cartesian equation of the curve.

. . x—1 . . _ .
Given the function f: y= 1 find its inverse function f 1(x) in terms
X+

of x and state the range of the inverse function.

Solve sin2@ = sin@ for 0<0<2rx .

If o, Band y are the roots of 2x° +12x° —6x+1=0, find
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Question 3 (12 marks) Start a NEW booklet.

a)  Find lim 5020
6—0 tan36

5
b) Use the substitution u =5—x to evaluate J. x\5—x dx
1

9) i) Express cos@—+[3sind in the form Rcos(0+a),

where R>0and0<a<%.

1) Hence solve cos@—~[3sinf=2 for 0< < 2.

d) A particle is moving in a straight line X centimetres from the origin O.

After t minutes its displacement is given by x = 3—5co0s2¢.

1) Show that it acceleration is given by X= —4(x - 3).

i1) Assuming it is moving in simple harmonic motion find its centre of motion.
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Question 4 (12 marks) Start a NEW booklet. Marks

b)

2
The acceleration of a body P is given by ﬁ = 18x’ +18x , where x is

the displacement of P from O attime ¢. The velocity is v.

Given that #=0,x=0,v =3 and that v > 0 throughout the motion:
1) Find v in terms of x . 2

i) Show that x =tan3¢ . 2

P(2ap,ap2> is a point on the parabola x*> =4ay . SN is perpendicular to the normal

at P, where S is the focus of the parabola and N the foot of the perpendicular from

S to the normal.

4y x* =4ay

P (Zap,apz)
S
/
1) Show that the equation of the normal at P is x+ py = 2ap+ap’ 2
i1) Find the equation of SN. 2
1i1) Show that the coordinates of the point N are (ap, ap® + a) . 2
1v) Find the locus of N as P moves on the parabola. 2

Page | 5



Caringbah High School 2011 Extension 1 Trial HSC

Question 5 (12 marks) Start a NEW booklet. Marks
a) 1) Find the values of a and b such that x> —4x+7 = (x—a)2 +b. 1
i1) Hence, state the largest positive domain for which y =x>—4x+7 1

has an inverse function.

b) Evaluate sin(tan“ %) in exact form. 2

c) The altitudes PM and QN of an acute angled triangle POR meet at H.
PM produced cuts the circle POR at A. [ A larger diagram is included at

the end of the exam paper, remove it, use it and submit it with your solutions]

)

S

A
1) Explain why POMN is a cyclic quadrilateral. 1
i1) With the aid of congruent triangles prove that HM = MA. 3
d) The rate of growth of the number of bacteria in a colony is proportional to the

excess of the colony’s population over 5000 and is given by C;—N = k(N —5000).
t

1) Show that N = 5000 + Ae" is a solution to the differential equation. 1

i1) If the initial population is 15 000 and reaches 20 000 after 2 days 2
find the values of 4 and £.

i) Hence, calculate the expected population after 7 days. 1
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Question 6 (12 marks) Start a NEW booklet.

a) Using ¢ = tang , prove that 1+cos0 = cotzg.
2 1—cos@ 2
b) Air is being pumped into a spherical balloon at the rate of 20 cm’ /s .

Find the rate of increase of the balloon’s surface area when the radius is S5cm.

{V = gﬂ'}”}, SA = 47zr2}

2
. x -4
c) For the function y=—
x -1
1) Write down the equations of any horizontal and vertical asymptotes.
i) Find any stationary points and determine their nature.

111) Neatly sketch the graph showing the above features.
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Question 7 (12 marks) Start a NEW booklet.

a) Prove by mathematical induction that for any positive integer n>1.

1 1 1 1 n
+ + Fee, + =
Ix5 5x9 9x13 (4n=3)(4n+1) 4n+1

b) From a balloon 500 metres above a road junction X, the angle of depression to

a point P, which lies due south of the junction X is 42°.

To a point Q, which lies at a bearing of 280° from the road junction, the angle

of depression to the balloon is 32°.

B
Q<. 500 m North
> E
X
P
South
1) Clearly explain why £ QXP = 100° .
i1) Calculate the distance PQ ( correct to the nearest metre ).
C) A particle is moving in a straight line with simple harmonic motion. The velocity

of the particle is respectively v/20ms™ and 4ms™ at distances of 1 metre and

2 metres from the centre of motion. Find the period and amplitude of the motion.

END OF EXAM

Marks

4

Page | 8



Caringbah High School 2011 Extension 1 Trial HSC

Question 5c¢ (additional diagram) Candidate Number:

n
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CHS YEAR 12 EXTENSION 1 2011

TRIAL HSC SOLUTIONS

la) P -1 =—2+4+3=5

5x2 + —2x—4 S5x-2 + —=2x1
b) x= =
5-2 5-2
=6 =—4
P x,y = 6,4
5
c) CVI: 2=3x-1 — xz;
CV2: x=1
: 5 .
Ontesting x <1 andng, since x # 1

=

d) i) Anodd function existsif f x =—f —x

3
—X
f-x = ——

1+ —x

3
—X

— =—f x

B 1+ x?
.. an odd function.

1 x3
" J sdx = 0
g 1+x

an odd function with symmetrical limits.

ii)

Ya

MM

f) — secx = — cosx
dx dx

-2 .
= — COSX X —Ssmmx

sinx

2
COS X

sinx
= X

= tanxsecx
COSX

COSX
2a) J !
3—x°

dx = sin(i +c
)

b) x=6r —» r==
) y_3 S oye 3
. —_—— —x—
' %
Hence xy =18

o fx :x=—y_1
y+2

xy+2x=y-1

2x +1 =y-xy

2x +1 =y 1-x
_ 2x +1

1-x
Range is all real y except y =—-2
d) sin26 = sinf for 0<O<2x

2sin@cos@ —sind = 0
2sin@ 2cos@—-1 =0

. sin@d = 0 or cos@ =

Y4

S 0=0,7.27x or @ :E,—
33




e) 1) a+,8+7/=—b=—6
a

.. d -1
1) affy=—=—
) ofy 2"
iy Lol l o W
apy
B
2
. sin260 . 2| sin28 36
3a) lim = lim — X
90 tan360 003 26 tan36
)

b) When u=5-x - x=5-u
When x=Lu=4; x=5u=0.
du = —dx

0
I:—j. S—M«/;du
4
4 1 3
:J‘SuZ—u2 du
0

3 5

10w 2u?
35
0
3 3
1042 242
= - -0
3 5
_ 208
15

c) 1) cos@—+[3sin@ = Rcos 0 +a
= Rcosacos@ — Rsinasin®

. Recosar=1 and Rsina = \/g

. R*cos’a + R*sina=1+3
L R'=4 > R=2

and hence «a = %
" cos6’—\/§sin6’ = 2cos(6’+§)

i) - 2005(0 + %) =2

cos(@ + zj =1
3

: 9+%=0,27Z’ N e:%’only.

d)i) x = 3-5cos2t

. x = 10sin2¢
;c. = 20cos 2t
X = 20(3—_1 —4 3-x
5
X =-4x-3

ii)  Centre of motion is at x = 3.

4a) 1) di(%vzj = 18x° +18x
X

1 9x*
o—vi= 2 49xt 4 ¢

Vo= Ox*+18x° + d
when x=0, v=3
©9=0+0+d —> d=9

vio= 9x +18x* + 9

=9x*+ 2x*+ 1

Il

9+ 1°

v =3x*+ 1,sincev>0.

T SR
dt
dt 1

‘£_3x2+1




|
t = —tan x+c¢
3

0 = %tan_10+c - =0

|
t = —tan x
3

= tan'x — x = tan3t

_2ap _
24

-, gradient of thenormalat Pism, = —

.. Equation of the normal:

-1 x—2ap

p
—-x+2ap

y—ap’=

py—ap’ =
x+py = 2ap + ap3

ii) gradient of SN is p and S has coordinates (0,a) M

eq" of SNis y—a=p(x-0) - y=px+a M
1) x+py = 2ap + ap3————
O
in — x+p px+a =2ap +ap’
. x+p’x+ap = 2ap + ap®
xl+pt =ap 1+ p? %}
X =ap
and y = ap’+ a M
.~ N ap,ap*+ a
iv) x=ap > pzz |
xY ’ x’
" y=a(—j+a - y=—~+a M
a a

2
X" =ay-a

5a)i) x°—4x+7 = x—a’ ' +b

X—4x+4 +3 = x—a +b

x-2°43 = x—a’+b
a=2,b=3 M
i) all x>2 M
b) Let u= tan”% and evaluate sinu
o1 1
u=tan — — tanu=— M
2 2
O\
1
sinu =—= M
u 5
2
c)i) £ OMP = 2 PNQ { both 90° }
~.POMN is a cyclic quad - £’s in same segment
standing on same arc or chord PQ. M
i1) Join Q4: ZL AQR=ZAPR {=0say }
{£’s in same segment on arc AR}
Also £ MON= 2 MPN {=6}
{£’s in same segment on arc MN} M
S in A’s QHM and QAM
Z OMH= 2 QMA {both 90° }
L HOM= 2 AQM { proven above (=60)}
M

QM =QM { common }
AQHM = AQAM (AAS)
Hence HM = MA { corresponding sides in=A’s } M
d)i) N= 5000 + 4e" — Ae" = N- 5000

d

LHS =— 5000 + Ae"
dt
= k Ae" |
= k N-5000 = RHS
ii) =0 > N=15000
15000 = 5000 + 4 — A=10000 ™

t=2 — N=20000
20000 = 5000 +10 000¢**




2%

N | W

- 2k= lné
2

Q

kzllné
2 2

iii) When =7, N = 5000 + 10000e’*

~ 46335 |

0.202733 M

6a) Using ¢ = tang

2

1-1¢
1+1+t2
1—
1+
1+ + 17
1+ = 1-7°
2 1
"y e v
= 19 cot’ =
tan® —
2
b) d—V=2O,V:i7rr3, d—V:ﬂrz,A:47zr2,d—A:87zr
dt 3 dr dr
d_V:d_Vxﬂ_)zozél-ﬂ'}"ZXﬂ M
dt dr dt dt
a5 .
dt nr?
Also d—A :d—A X ﬂ
dt dr dt
= 87zr x izzﬂ A
r r

and whenr:S,% =8cm’ / s. M

c) 1) Vertical asymptotes: x =+ 1

Horizontal asymptote: y = 1

2 2
X —12x — x"—4 2x
i1) & = 5
dx x* -1
_ 6x : ¥
x* -1
. . dy
Stationary points when — = 0
dx
. when 6x=0 — x=0
at x=0,y=4
x | 21 0 Va
y —ve 0 + ve
M

. local minimum turning point at ( 0,4 )

iii)

AY




1 1 1 1 n

7a) —+—+——+ =
Ix5 5x9 9xI13 dn-3 4n+l 4n+1
Whenn=1,LHS:L=l; RHS = 1 :l
Ix5 5 4x1+1 5

. true for n=1. 4]

Assume true forn =k

1 1 1 1 k
—t—Ft ——tn + =
Ix5 5x9 9xI13 4k-3 4k+1  4k+1

ie.

Prove true forn =%k + 1
Le. S + Ty = S

k 1 k+1
S,=—— T, = S, = ——
a1 Ak+1 4k+5 7T 4k +5

LHS=S, + T,

_k N 1
4k +1 4k +1 4k+5

LHS

k 4k + 5 1

- + ]

4k +1 4k+ 5 4k +1 4k+5

4k* + 5k +1
4k +1 4k+5

4k +1 k+1
4k +1 4k+ 5

k+1

- = S,.,=RHS ¥

4k + 5

". If true for n = k, then true for n=k+ 1.
Hence by the principle of mathematical induction,

the result is true for all n > 1.

b) 1) P is due south of X, i.e. at a bearing of 180°.
Qs at a bearing of 280°.
.. the angle between P and Q on the ground is

280° - 180° = 100°. 4|
i)
tan 48° = PX
48° 500
500
p LAx Odx .- PX =500tan48° M
tan 58° = SQTXO
>¥1500

QL3% % .. QX =500tan 58°

. using A QXP :

PO’ = PX? + OQX* —2¢PX+QX+cos100° M
= 500" tan’48°+ 5007 tan58° - 2 x 500tan42°x 500tan58°x cos 100°

PO’ =1102949.62 — PQ ~1050m M

o) VV=n' a@-x ;v=420,x=1v=4,x=2.

20 = n* a* -1 ———-1
M
16 = n* a*—4 ———-2]
5 a -1
=2 » == M
4 a*-4
5 5a> =20 =4a’ -4
a’=16 — a=4
16_4_
12 3
2
n=-—4=
NE)
hence theperiod= ;_ 2 73 seconds ™
n

75

amplitude = 4 metres. ]
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